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Band Edge Behavior of the Integrated Density of
States of Random Jacobi Matrices in Dimension 1
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Let H be a Jacobi matrix acting on /% Z) and V,_, a random potential of
Anderson type. Let H = H+ V. We give a general formula relating the decay
of the integrated density of states of H,, at the edges of the almost sure spectrum
of H,, to the decay of the integrated density of states of H at the edges of the
spectrum of H.
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0. THE MAIN THEOREM

Let H be a transiational invariant Jacobi matrix with exponential off-
diagonal decay that is H = ((h; _z))s <z such that,

o h_,=h, for keZ and for some k #0, h, #0.

» there exists C> 0 such that, for ke Z,

|hy| < Ce= W€ (1

H defines a bounded self-adjoint operator on /*(Z). Using the Fourier
transform, it is easily seen that H is unitarily equivalent to the multiplica-
tion by the function 8 A(8) defined by

noy= 3y he*®
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acting as an operator on L*([ —x, n]) (here and in the rest of the paper,
we identify the function L? over an interval / with the functions that are
locally L? and periodic of period the length of the interval I; moreover the
L2-norm is normalized so that the constant function 1 has norm 1).

The spectrum of H is o =h([ —n,n])=[e ", e*]. We can define the
integrated density of states of H and compute

1
n(E)=2—nu({9€[“ﬂ»ﬂ];h((’)éE}) (2)

where x4 denotes the Lebesgue measure on [ —n, 7] (see, e.g., ref. 4).

Let V,, be a diagonal matrix with entries that are independent identically
distributed bounded real valued random variables denoted by (w;),.z- Let
Z be the essential support of the common law of the (w;),.z. Then we can
write &= ., I; where

« J is an ordered set of indices,
e I;is the interval [0, @' ]
o for (j, j)eJ? if j<j' then w; <ol <o; <wf.
We assume that the (wy ),z arc bounded and that their common law does

not decay exponentially at the edges of its support; more precisely, for any
jeJ, it satisfies

. log [log P{lw —wF| <e}]
lm =0
5> 0 —loge

Set H,=H+ V,; then H, defines a bounded ergodic random Jacobi
matrix. We denote its almost sure spectrum by X and its integrated density
of states by N(E). Then, as L'=[e ", e* ]+ 5 (see, e.g., refs. 4 and 13), we
can write X={J;_, [E,, E] where the real numbers (E;,ES) <, <p
satisfy £, <E} <E; <E[ | The (E] ) <pcp (resp. (E))i<,<p) Wil
be called left or lower (resp. right or upper) spectral edges.

Then we have

Theorem 0.1. Under the assumptions made above on H,, for
I < p< P, we have
log |log [N(E) — N(E ;)| o ~log |n(E—ES +e*)—n(e*) 3}
~E}
Eelx

This result calls for some remarks. If H is the discrete Laplace
operator then this result is well known even in dimension larger than 1 or
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for continuous operators (at least at the exterior edges of the spectrum)
(see, e.g., refs. 10, 12, 15, and 16 for more references). The main novelty
here is that we allow a general class of Jacobi matrices as the kinetic energy
of the hamiitonian.

The asymptotic behaviour of the integrated density of states of H near
the spectral edges is easy to compute; near the infimum of o, we get that

n(E)E~7cx(E—e‘)” (4)
E>e™

for some «>0 and p>0. An analogous statement holds near the
supremum of ¢. So that our main theorem says that the integrated density
of states of the random operator exhibits a Lifshits tail at its spectral edges.
And that the Lifshits exponent is given by the integrated density of states
of the underlying operator. By what is known up to now, it seems
reasonable to conjecture that the same statement is true for discrete
operators in higher dimensions as well as for random Anderson perturba-
tions of periodic Schrédinger operators on L(R?) (see ref. 9).

The strategy of the proof goes as follows: we first prove that N is well
approximated by the expectation value of the integrated density of states of
some periodic realisations of H,, (see Theorem 1.1). We then only need to
estimate the integrated density of states of these realisations. The lower
bound is obtained by exhibiting an eigenvalue in the relevant energy range
for a sufficiently large set of w. To get the upper bound, we need to under-
stand the Fourier transform of a function localised near 2~ '({e*}). There-
fore we use Lemma 3.1.

The fact that &+ A(8) is real analytic is not of crucial importance.
What really matters (to have our method of proof work) is the structure
of the set of extremal points of 5 (and the way £ reaches its extremal
values). It happens that this structure is extremely simple for analytic
functions of one variable. One could imagine to use the same method of
proof to get general results about the band edge behaviour for random
Schrodinger operators in higher dimension.®> One of the main obstacles
would then be the complicated structure of the set of extremal points of /
{even if # is analytic). In this case, it is not clear what is the analogue of
Lemma 3.1. In general, even to get the band edge asymptotic behaviour of
n(E) is a non-trivial matter (cf. ref. 3 and references therein). In higher
dimension, if we assume that the set of extremal points of 4 consists only
of isolated points, our strategy of proof should work. In particular, under
this assumption, one should be able to prove that the integrated density of
states decays exponentially at the band edges.
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If & is not analytic but does not behave too wildly at its extremal
points, one can always upper and lower bound it by analytic (or Gevrey
class) functions that behave in the same nice way as 4. And then perform
our analysis on the random hamiltonians generated by these new kinetic
energies. This allows us to generalize our result to kinetic energies that do
not decrease exponentially off-diagonally.

One could also generalize this study to more general random poten-
tials, for example long range potentials (i.e., with slower decay).

1. PERIODIC APPROXIMATIONS

We will first prove an approximation theorem for the density of states
of H,. Let (w;);<z be a realisation of the random variables defined above.
Fix ne N*. We define the following periodic operator acting on £*(7)

HL=H+V,=H+ 3 @ ) 10>l

keZy, le(2n+1)2

where 75, =2/(2n+1) Z, 5;=(J);ez (J; 1s the Kronecker symbol) and
{u><u| is the orthogonal projection on u a unit vector.
For the H”, we can define an integrated density of states denoted

by N” (eg., ref. 14); it is a non-decreasing function that satisfies, for
peb(R),

1 \
(p. ANz = plx)dNo(x) =5 L COenlHo> ()

Then, we have the

Lemma 1.1. There exists C>1 such that, for p e €°(R), for ke N
and ne N*, we have

C\¥ d’
[E((¢, dNG,)) — (o, dN)l<<n) sup ;17(\/;0’6) (6)

xeR
0<j<k+3

Proof. The proof follows the lines of the proof of Theorem 5.1 in
ref. 10. For the reader’s convenience, we reproduce it here. We know (see
refs. 4 or 13} that

(0. dN) = | pl3) dN=E((b0. 0{H,) )
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Averaging (5) and using the fact that the random variables (w;), ., are i.id
and the translation invariance of H, we get

E((@. dNG,)) =E({0o. @(H7,) 00> )

So that we want to estimate {J,, @(H?) o> — {Jg, @(H,) Jo>. Therefore
we will use Helffer-Sjostrand’s formula‘® that reads

O(H,) = i J a@

T — L ol
37 ) 3e (1 G HY) Tz n (7)

where @ is an almost analytic extension of ¢ (see ref. 11).
So we get that

<J }Kéo, z Z,)‘l—(S—H,,,)_I)%Ndxcl_v>
(j ‘wk_w[k]"‘
k| =zn
X [( 30y (2= H™) "L 8,51 [<6s (= Ha,)“(50>ldxdv> (8)

where z =x 4+ iy and [£], =4k mod {2rn + 1} (the representant being chosen
in [ —n,n]).

By a Combes-Thomas argument (e.g., rel. 1), we know that there
exists C'>1 such that, uniformly in (w;);,., and n>1, we have, for
Im(z}#0

~[Im(z) k{/C

Ko, (2= Hy) 7190 | + <0, (2= H,) T dpd | < e

|Tm(z)|

Hence (8) gives for some C> 1,

0
IE((¢, dN™,)) = (p, dN)| < C jc a—({’ —mz) A/ g gy

‘:’l =)l ¢

Taking into account the properties of almost analytic extensions (cf.
ref. 11), we get the announced lemma. J

Remark 1.1. The proof of Lemma I[.1 is dimension independent
(see ref. 10) and holds for a large class of random operators. We essentially
only used the sclf-adjointness and the off-diagonal exponential fall-off of
the Green’s kernel at complex energies.
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If ¢ is supported in a open interval I where we have localization in the
Aizenman-Molchanov sense (see refs. 1 and 2) then we can choose @ sup-
ported in a domain D such that for some C>1 and ze D in that domain,
we have

E(|<dx, (z— H,) 7" do>|) < Ce~ V€

The estimate given by Lemma 1.1 can then be improved.

As an immediate consequence of Lemma 1.1, we get that E(dN7) con-
verges vaguely to dN. Hence, a classical argument tells us that, except for
an at most countable set of energies, N, converges to N.

The main purpose of Lemma 1.1 is to show that, for £>0 small,
N(E+¢g)—N(E—¢) is well approximated by E(NZ(E+e&)—NI(E—¢))
even when n is only of polynomial size in ¢~!. More precisely let ¢ be a
Gevrey class function of Gevrey exponent a>1 (see ref. 7), assume
moreover that ¢ has compact support in ( —2, 2), that 0 <@ <1 and that
¢=1lon[—1,1] Let E;e R and set

-—E
¢E0,c(')=¢< e 0)

Then by Lemma 1.1 and the Gevrey estimates on the derivatives of ¢, we
get that there exist C > 1 such that, for =21, k=1 and 0<e< 1, we have

C k
[E(@g, o AND)) — (9, ,» AN )| <e 33 <%> ke

We can now optimize the right hand side of the above equation in & and
get that, there exist C> 1 such that, for n2 [ and 0 <e <1, we have

IE((@ 5y, o> ANL)) = (@, 0o AN)| < Clm 4 g7 1) @~ e/ /)71

Now if we choose n,=[e¢~'~"] (where [-] is the entire part of - and
n>10), we get that there exist g,> 0 such that for 0 <¢ < g, we have

IE(@ 5, e» AN) = (@, er AN <™ "
By the definition of ¢, as N7 and dN are positive measures, we have
E(N7(Eq+2) — N2 Eg—¢) S E((@g, o ANT))
SE(NL(Ey+2e) — NI (Eo—2¢))
N(Eo+&)—NEy—e)<(@g,, ., dN) < N(Ey+ 2e) — N(E, — 2¢)
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This gives that for 0 <& <¢,/2 we have

{E(NZf(EO +¢&/2)— NZf(Eo‘“S/z)) _ e—(e/Z)"”"“’)
SN(Ey+e)~NEy—e)
<[E(N"wc(E0+28)'_NZ;(EO~28))_}_e~s*'l/(2<n 9)

If we want to measure exponential decay for N near the band edges, we just
have to measure the same exponential decay for E(N’) (where n, is chosen
as above). This means that when estimating E(N’2) the number of eigen-
values (i.e., Floquet eigenvalues) of H? in [E,—e¢, Ey+¢] will only be
polynomial in ¢ ~!; thus it will not be really important for the exponentially
small quantity we want to measure. As in the more classical schemes used
to prove Lifshits tails (refs. 8, 15, etc.), the double logarithm of the
integrated density of states will be well estimated by the double logarithm
of the probability to have spectrum in the interval [ E,—¢, E,+¢] for the
approximation operator A7,

To prove Theorem 0.1, in the case of a lower spectral edge, we take
E0=Ep‘ so that, for any admissible w, N(Ep" —&)=N3E, —¢) is inde-
pendent of ¢ > 0 small enough. Then, if we take »# > 0 large enough so that
n/(20) > p (where p is given by Eq. (4)), to get Theorem 0.1, by (9), we just
have to show that

log |log E(NXE, +¢e)—NME,)) ~ ~ploge (10)

&>0

This is the purpose of the next section.

2. THE PROOF OF THEOREM 0.1

We will show a lower and an upper bound for the double logarithm
of the integrated density of states. The case of the upper edges being dealt
with in the same way, we will only give the proof for lower edges of the
spectrum.

Let £, be a lower edge of 2. As Z=[e™,e" ]+ =, there exists a
unique j, € J such that £, =w; te” and such that there exists J > 0 such
that for j' < j,, we have w,+e™ —3<E, (see ref. 13). To simplify the
notations, without restricting our purpose, we will assume that e~ =
a)j; =0. So that E =0.

Let us shortly describe the critical set Z=h""({0}). As h is analytic
and not identically 0, Z consists in a finite number of points, ie., Z =

822/90/3-4-27
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{6; 1< j<m} and for any 1 < j<m, there exists (p;, a;) e N*x (0, + )
such that

h(0) =0, (8 — 8,)% (1 + O(6 — G,)) (11)
This immediately tells us that

nE) ~ 2aEYe (12)

e—0
>0

where

p=p,=sup{p;l<j<m} and a= Y o
Jipy=p

2.1. Some Floquet Theory

To analyse H?, we will need some Floquet theory that we develop
now. We denote by #: L¥[ —n,n])—¢*Z) the usual Fourier series
transform. Then, we have, for ue LX[ —n, ]),

H, u(0)=(F*H Fu)(0)=h(0)u(8)+ Z w;(IT,u)(0)
jieZ
where

U o (™
(nju)(0)=£eﬁ’f e~7u(0) df

—7

Define the unitary equivalence U:L*[ —=n,7n]) » L*([ —x/(2n + 1),
mf(2n + DD ® £ Zonyr) by  (Uu)d0) = (ul0))ies,,, where the
(up(0))x ez, are defined by

. . 2 -
w)y= Y ™%, () and the functions (1, )., . are il periodic
keZ 41 2I’l + 1
41 ( 13)

Then, for n>1, we compute UF*H? FU* and get that it is the multi-
plication by the matrix M’;(ﬁ)=((hj_j,{ﬁ)+wjéjj,))(j,j,)elgn+I acting on
L[ —n/(2n+ 1), n/(2n+1)]) ® £%(Z,, . ,); here the functions (Mdkez,,,
are the components of # decomposed according to (13).
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This immediately gives us that the Floquet eigenvalues and eigen-
vectors of H! with Floquet quasi-momentum £ (i.e., the solutions of the
problem

{Hz,u:lu (where u = (u;);c 2)
woe=e"*u,  for jeZ, ke(2n+1)2)
are nothing but the eigenvalues and eigenvectors (continued quasi periodi-
cally) of the (2n+ 1) x (2n+ 1) matrix M72(8). This gives us that, for e >0,

N7, (e) = NZ(0)

l nf(2n+1)
J #{eigenvalues of M7(6)in [0,¢]} db

_275 — (20 + L)
Notice that, as H,, has no spectrum in [ —¢, 0) for £ > 0 small enough, we

know that for any » >0 and almost all w, M*%(8) also has no spectrum in
[ —&, 0) (cf. refs. 4 and 13); so that

1 jﬂ/(ln +1)

Nie) = Nof0) =>-

#{eigenvalues of M2 () in { —e, ]} db (14)

—n/(2n41)

Considering H as being 2n + 1-periodic on Z, we get that the Floquet eigen-
values of H (for the quasi-momentum 8) are (h(8+2nk/(2n+1)))s. Zy )
each of them being associated with the vector (4,(0))icz, ,, having com-
ponents

|

\/2n+l(e

In the sequel, the vectors will be given by their components in this basis.
So that if we denote the vectors of the canonical basis by (v/(0))ez, s
their components will be

—H8+ 2rk/(2n+ l))j) ez
JE€ Loy 43

u(0) =

1

\/2n+l(e

We define the vectors (v,),ezz”+l by

v, (0)=

{0+ 2nk/(2n+ 1)) I)k 2
€Ly

1)1 — e"’%,(@) — 1 (ei(anI/(zn + l)))
2n+1

keZoyy
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2.2. The Lower Bound

By (14} and (10), for |8| < 7/(2n + 1) we just need to prove the right
lower bound for the probability that M7 (8) has an eigenvalue in [ —e, ¢].
We will do this by explicitly constructing such an eigenvalue for a suf-
ficiently large set of w’s.

Let ae/*Z,,,,) be expressed by its coordinates in the basis

(u(MNiez,,,,> 1€ aszezan au(0). Then

2km 1
M7 () a2 _ w8 e 7 1A
MOl ke%m ( +2n+1> || T lezzz"ﬂwll (IIIS)

where

Al: Z ake—ZinkI/(2n+l) =/2n+1 <a’ v1>f2(22n+1)

k522n+|

On 4,, we perform ¢ discrete integration by parts (g€ N) that is

1 q p —2in n
Al:(e—ZinI/(2n+1)_1)q Z ay Z (—1)P< >e 2in(k + p)lj(2n + 1)
keZyy p=0 1
_ . 1 Y e dmkn+D) i (—1)7 p a
(e~ 2+ 1) _[ye q) 7"

k€Zy p=0

Pick a function ae €((—1/2,1/2)) = L*([ —1/2,1/2]) and set the com-
ponents of the vector v defined above to be a, =(1//2n+ 1) a(k/(2n+ 1)).
Then

(o ()
Eo( 1)p<q ak‘”"\/ﬁ((l WA\ 5

where (7,a)(x)=a(x—1/(2n+1)). So that

1
(9) 2
- sup  |a'¥(x)|
2l
(2n+ 1) |e=2m/2n+ D 1|24 xe(—1/2,1/2)

[4,1* <
Let ac¥3((—1/4,1/4)) c L*([ —1/2,1/2]), a non negative such that
lall a1 121y = 1. Pick C>1 a constant. Set a*(-) = (Ce)™ "% x
a((Ce)~Y?(.—8,)) and n=n,=[e~' "] where # is chosen as above large
enough and 6, is a point in Z that gives a main contribution to (12).
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We define the a4; as above; using Riemann sums and the fact that
lall g — 1y, 1721 = @l z2r — 12,127y = 1, We compute

> lapl?=140(al lla')l "= ) (17)

K €2y 4y

As h(0) < a8 —0y)* for @ close to 6,, we get that

Y n <6+22]:7_z1> lat|? < 4a’e?/C < e?/3 (18)
n

keZy,

if C is large enough and ¢ small enough.
Set L, =[&~17="], here v will be chosen small. The second term in the
right hand side of (15) can be split into

Y ofl4iP= Y o l4iP+ ) wjldi’=0"+0"
leZy, ., Vis<Le 1+Z.<lli<n

To deal with O™, as the w are bounded, we use the integration by parts
(16) to get

(CE)—(ZqH)/p

o+ <K1 Lelll< (2n + 1)29 [¢— 2+ _[|2 a2
+ L < <n
Ce)~ e 2g
< K(2 1 (g);2 < ( | ) .
2n+1) 1205 H,jg)llg,, (2n + 1) e~ 22+ 1) _ || (Ce)

—1/p\ 2g
<SKQ2n+1) |a' P2, (Ce)~ VP <(—CS—£—>

&

SKQ2n+1) [[a' D% (Ce)~ 7 (Ce")™

so that for ¢ large enough depending v, p and C, we get, for ¢ small
enough,

Ot <(2n+1)¢/3 (19)

Now, if we choose {w;| <¢/3 for |I| < L, then, by (17),

O~ <e¥9 Y |4P°<(2n+ 1) Y9 Y |afP<(2n+1)¢%/3

leZy 4 leZy, )

for ¢ small enough.
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Adding this last equation to (18) and (19), we get that, if |w,]| <¢/3 for
) < L,, then

IMUS0) @150z, <E°
Hence, for ¢ small enough,
(P(Je| <&/3))* =+ < E(NZ(e))

Using (9), taking the log log, dividing by log ¢ and taking the limit ¢ — 0,
we get

i i 108 JlOB(NE) — MO} L
£—0 loge p
>0

This holds for any v > 0 hence gives the expected lower bound.

2.3. The Upper Bound

Using (14) and Fubini’s theorem, we have

J~n/(2N5+ 1)

E(NY(e)) < (2N, + 1) P(Q,(0)) db. (21)

—nrf(2Ne+ 1)

where £2,(6) is the event {there exists an eigenvalue of MY(6)in [ —e, ]},
So, if we choose N, to be a polynomial (of sufficiently large degree) in & *,
we just have to upper bound the probability of Q,(6) uniformly in 6. To
do this we will first estimate this event by an analogous event for a new
random operator that is non-negative. The gain will then be that we will
be working at the bottom of the spectrum of this new operator. To do this
we follow the ideas developed in Section 5.3 of ref. 10.

For te[0,1], the random operator tH+ ¥V, has an almost sure
spectrum denoted by X,. Then, for re[0,1], 2,cX (as 6=[0,¢"]). So
that for ¢>0 small enough, 2,n[ —¢ 0)=¢. Hence, for any n>1,
el —n/(2n+ 1), n/{2n-+1)] and almost all w, M7 (¢, #) has no spectrum
in [ —¢ 0) (here MZ(t,8) is the matrix ((thy_ 0) +@;0,:)0) . ez,
associated to tH+ V). Thus we get that, for ¢ >0 small enough,

#{eigenvalues of M 7(0) less than —¢} =#{keZ,, ;s w, < —&}

:ﬂ{kez2n+l;wk<0}
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Let I7;} (resp. I1) be the orthogonal projector on the sites k such
that w, <0 (resp. on the sites k such that w, <0) that is I} =
Skety >0 0k2<0 and II, =%z, | <o0ldi><{d] (acting on
{HZ, ,1)). Then using the minimax principle (see Lemma 5.3 in ref. 10),
we get that, w almost surely,

#{eigenvalues of M”(6)in [ —e, €]}

< #{eigenvalues of 177 M7(0)11} less than &} (22)

where J13 M™(0) I1} is acting on I1}(/*(Z,,,,)) and the multiplicity of
the eigenvalues is counted on this space. Define a set of new random
variables (@), .z as follows

P if w, =0
"~ less-sup(w,)  ifnot

Notice that the random variables (d;), .7z and (w; x5 have the same law
near (. Moreover the (@,), .z have a positive expectation.

Then, if we define M7(0)=((h;_;(0)+@,6,.)), ez, s We have
nimMyeynr=nrmr60)I1}. Thus, by (22), we get that, w almost
surely

#{eigenvalues of M7 (0) in [ —¢, ¢]}
< #{eigenvalues of 71} M7(6) 11} less than ¢}

< #{eigenvalues of M%(8) less than ¢}

(here the eigenvalues of 17} M%(0) I1} are counted (with their multipli-
city) for the operator considered as acting on 17 2(£%(Z,, 1))

We define V,; to be the diagonal matrix having the (®;)r.z as
diagonal entries and Hg=H + V. Then M5(0) is associated to H in the
same way as M (8) is associated to H,,. Notice that H, is non-negative
and has 0 in its almost sure spectrum.

So we now only need to estimate the probability of the event
Q,(0) = { there exists an eigenvalue of MY(8) less than ¢}. To simplify the
notations, we will forget about the superscript ~ i.e., we will denote Q.(0)
by Q,0) and @ by w.

We recall that Z=h~'({0})={6,..., 8,,} and that p is the largest of
the orders of these zeroes of h. For # >0 and 1/p > 2v >0, define
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N S R
« 2K+ 1=[e™ ! ] (6],
e 2N, +1=(2K,+ 1)(2L, + 1)

(where [ - ], denotes the largest odd integer smaller than - ).
Then we have the

Lemma 2.1. For any 1 >d>0 and any 1/p>2v>0, there exists
€0 > 0 such that, for 0 <¢ <eg,, we have, for |6 <n/(2N,+ 1),

Q.(0) U< U gg-f"k'ug§'> (23)

k<K Nl<j<j<m

where, for 1 € j<j ' <m and |k'| < K, we define the events

. 1
QIik — g
s {“”2L;+1

l }
Wragr )
; Z KK+ D)+
2L+ 1 <L ¢

€O, — ) 1"
) WOpek+n+r€ 7
<L

>0/

Q’g':{w;

Before proving this lemma, let us use it to end the proof of
Theorem 0.1. Therefore we just need to estimate the probability of the
events Q4% and Q%. We pick #>0 as in (9) and v small. The random
variables (w,),.z are iid, non-negative. Let > 0 be their common expec-
tation value; so for 0 <d <m, by classical large deviation cstimates (cf.
ref. 5), we know that, for some ¢ >0, [k']| < K., we have

P(QY)<<e " (24)

For we Q7% as 6,#8,., for some C>0, we have

1 ) . . C
— | ) (opex = @) eI 25— ———>5/2
’ 2K, +1)+1 = ) =
2L+ |2, 2L+ 1
for & small enough. The random variables (wy(2x: 4 1)1 — @) €% %" are

independent and have expectation value 0. By classical large deviation
estimates, we get that, for some ¢ >0,

P(Q} K <o
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We add this to (24), plug it into (21) then into (9); we take the log log,
divide by log ¢ and let ¢ tend to 0 to get

log |log N{e) 1

lim sup ———————< ——+v
Y loge p
e>0

But this holds for any v >0 small enough. Taking (20) into consideration,
this ends the proof of Theorem 0.1.

Proof of Lemma 2.1. To simplify the notations, we will forget about
the ¢ subscript and set N =N, and so on. We define

2Kt 1 =[em o]
e 2L+ 1 =[P+, [e7"],.

Pick we 22,(6) so there exists a :Zkezhﬂa,{uk(ﬁ) such that

/ 2
. “a||/2(22[v+1)= Zkezmﬂ |akl = 1,
¢ <M1u\f(0) a, a>l’2(ZzN+1) <&

« v, is defined above.

Forl<j<mand 0e[ —n/(2N+ 1), /(2N 4+ 1)], we know that, for some
C >0 and for & small enough

- <h<0+ 2k >> e (25)
2= —= =
20+ 1 wne1)28

For 1 < j<m, we define k;=[((2N + 1) 6,)/2n] and a’ by

2nk
IN+1 7

N L if |k—k|<K
(@) {0 if not

The (a’), < ;< are pairwise orthogonal. By (25) and as V¥ is non-
negative, we get that

2
< Ce”? < Ce? (26)
£HZan+1)

a—>y a’
i=1

We can then normalise 37, a’ and get that, for some ¢ >0 and ¢ small

enough
<M2,’(0)<Z aj>,<z aj>> <Ce
j=1 j=1 U Zan s 1)
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This in particular implies

z Z w1|<aja 171>{2

J=1 leZyy,

+2Re< Y Y wilalvpa’ v,))SCev (27)

1<j<j' Sm leZy,,

We now translate cach of the a’ by &; so as to centre its support at 0. The
vector thus obtained we again call a/; then (27) becomes

Y oY o Kavp)?

J=bleZyy .,y

+ 2 Re ( 2 Z e(2i7z(kj—kj«)1)/(2N+l)wl<aj, l)1><aj', l71>> < Ce”

Ilgj<jsm leZyy,,

We now apply Lemma 3.1 to each a/; observing that all the operators
involved are bounded, that m is fixed and that in our case K/K' behaves
like ¢*, we get that, for some C> 0 and ¢ small enough

ST w Kyl

J=1 leZyy,

+2Re < 5 Y Ptk ka DN DG (G o5 AT v,>> <Ce’

Isj<jsm leZyy,,
So that

m 1 ~
)V <m )3 w1’+k’(2L'+1)>(2L'+1)|<aj’vk’(2L’+1>>|2

J=1 KeZy relyyp iy

+ Z 2 RC(S(] j/ kl) e(2in(kj—kjr)k’)/(21(’+l)
2 3
V<j<ji€m
kK eZyg .y

X LA, vpar w107 Vs 41y ) < Ce”

where

SU, j' k) = T (k;— k) V2N + 1)

{2in
Z Wp ywer +1)€
I'ezy 4



Integrated Density of States of Random Jacobi Matrices 943

Hence

m 1 , ~ 2

> )3 <ﬁ )y wl’+k’(2L’+l)> QL'+ 1) |<d’, v w12 |”

=1 k'eZyyy * l'eZy

2 Y  ASGL SN QRL + 1) KA, vpar +1)0<8 v ) | + Ce?
I<j<j'<m (28)

keZy .y

If we define

o (60, 6,1
2, k)= Y wp e

l'eZy

as |2ink; /(2N +1) —0,] < 1/(2N + 1), we get that

1
2L+ 1

120, j' kY= S, j' k)| = O(et + =1 =)
So, as (|4’ <2 (for ¢ small enough by Lemma 3.1), by (28), we obtain

i 1 , -
Z Z <2—L’—+—1 Z C01'+k'<2L'+1)> (2L + 1) K&, Uk'(2L’+l)>|2
/ : I,EZZL'+I

<2 Z PAFAIV ST (2L'+1)K&j’ vk’(2L'+1)><€’j‘> Uk'(2L'+1)>l+C3v

lsj<j'<m
k'€ Zyy o\ (29)

Pick 6 > 0. Then,

o either, for some j# j' and k' € Z,¢., |, we have

(6,— 0,0 1"

j )

| )
3+ 1 Z Wy sper+1€
2L+ 1, 5

20+ 1

then we Q475K

e or for all j# j and k'€ Z,x. , ,, we have

1 ) .
(6,— 0,31 N
| § Wy yperene NS0
2L +1 .
€Ly v

In this case, (29) tells us that, for € small enough,

m |
Z Z <2L'+l Z w1’+k'(2L’+l)>

Jj=1 keZyy l'eZy: i

X (2L + 1) [K&, vpap 4 1y > <4md (30)
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As a is normalised, by (26) and Lemma 3.1, for ¢ small enough, we
have

> Y QL+ V) K@, vpar > =12
J=1kelye

So that (30) implies that, for some k'€ Z,p. , 4,

1
2L +1 L

leZyp i

Op ypar +1) < 8md

K '
Hence w belongs Qf,,; for some &',

As we can choose J as small as we want, this ends the proof of Lemma 2.1.

3. APPENDIX: THE KEY LEMMA

The lemma, key to our analysis, roughly says that if 4 is a vector in
£3(Z 4+ 1) With coefficients concentrated near 0 in a region of width K< N,
then up to a small error in Z%-norm, @ can be considered to have Fourier
coefficients that are constant over intervals of length N/K.

More precisely we have

Lemma 3.1. Assume N, L, K, K' L' are positive integers such that

¢ 2N+ 1=2K+ 1)2L+1)=(2K' + 1)2L' + 1) such
e K<K'and L' < L.

Pick a =(a,),e2,,,, €/*Z,n+,) such that,
for |n|>K, a,=0
Then there exists @€ £ *(Z,y, ;) such that
L la—alsa,,, )< Ckx M@l sy, ) Where Cg g~ gk o TK/K.
2, forl'eZy,, and k'€ Z,x ., we have
<a, UI'+k’(2L’+1)>/2(ZZN+,) ={d, VL + l)>t’2(ZZN+|)

Remark 3.1. One can prove an analogous statement for the usual
Fourier transform for a function supported in a small interval in R.
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Proof. By definition, for me Z,y .,

a,e ~ 2innm/(2N + 1}

A, 0,0 pyz,y )=
m Wl /2N+ neZZK+l

We decompose m=1"+k'(2L" + 1) where k'€ Z,y.,, and l'eZ,;, ., 50
that

Z a e—Zmnk/(ZK’+l) —2innl' /(2N + 1)

a, vm>/2(zzN+l) - \/W 2L+ z
neLy

1 l Z a,,e —2innk’'f(2K' + 1)
i

W+ L\ S2K + 1 mere,,
—2i7znl‘/(2N+ 1)
v 2K, ! Z2K +1

1 o 1
=——==(a, V) gyt
2L/+ l < k lz(ZZKH) 2L'+1

~1)a e—2i7mk’/(2K’+l))
”n

I <
(D"a, vy >’2(sz'+1)

where
e a is seen as an element of /X Zx- )

X . . 2
' K € Zyg +
¢ (Vg Jwez,,.,, is the orthonormal basis of £ (7, ) defined by

1
2K +1

K _

2inkk' /(2K + 1)
Up = (e ) €Zyg 41

o for I'€Zy .1, D" is the (2K’'+1)x(2K'+1) diagonal matrix
(acting on £*(Z,x ,,)) with the diagonal entries

v o -2l AN +1) | if |n|<K
=10 if not

Obviously,

4 —2inkl' (2N +1
sup ”DI ”y((Z(ZZK,H)) < sup Ie mkl{(2N +1) _ 1| = CK, X

FeZy s I‘EZZJH—I
€ -
w1

and
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We define

[
il

| .
Z —={a, vl ,>z2(z Y
vt L+ 1 [n]y w1

where [n],;. =r mod {(2L' +1). Then & satisfies Lemma 3.1. Indeed as the
(Undnezyy,, form an orthonormal basis of /%(Z,y ., ), point 2 is obvious by
the definition of d. Let us check point 1; we compute

l I 2
la—=albz,, 0= Y |01, 2y~ < V) sxz,y, )
N +1 ! v e o
neZyn 2L +1
1 , .
= Z T_] Z |<D1as UI§>f2(sz'+l)|2
ey, + k'eZyg
- Z ——||Dlla”§’2(z )
l'eZyp g 2L +1 o

2 2
< Ck ke llal Aoy 1)

This ends the proof of Lemma 3.1.
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